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Abstract. Athermal elasticity for some ceramic materials (α-Al2O3, SiC (α and β phases), TiO2(rutile
and anatase), hexagonal AlN and TiB2, cubic BN and CaF2, and monoclinic ZrO2) have been investigated
via density functional theory. Energy-volume equation-of-state computations to obtain the zero pressure
equilibrium volume and bulk modulus as well as computations of the full elastic constant tensor of these
ceramics at the experimental zero pressure volume have been performed. The present results for the single
crystal elasticity are in good agreement with experiments both for the aggregate properties (bulk and
shear modulus) and the elastic anisotropy. In contrast, a considerable discrepancy for the zero pressure
bulk modulus of some ceramics evaluated from the energy-volume fit to the computational zero pressure
volume has been observed.

PACS. 31.15.Ar Ab-initio calculations – 71.15.Mb Density functional theory, local density approximation,
gradient and other corrections – 62.20.Dc Elasticity, elastic constants

1 Introduction

Over the last decades ceramics have become key materials
in the development of many new technologies. As scien-
tists and engineers have been able to design these materi-
als with new structures and properties, an understanding
of the factors that influence their mechanical behaviour
and reliability is essential. Elastic properties of ceramics
are important because they govern the reversible response
of the crystal to external forces, determining their perfor-
mance in numerous applications: refractories are used in
iron and steel; abrasives are used for grinding, cutting or
polishing; electrical ceramics are used as capacitors, insu-
lators, substrates and integrated circuit packages; chem-
ical and environmental ceramics as filters, membranes,
catalysts, and catalyst supports. Another attractive ap-
plication of ceramics stems from their low density and
large elastic moduli; this makes them attractive for im-
proving stiffness, while reducing the weight of machines.
Bulk, shear and Young’s moduli as well as Poisson’s ratio
play an important role in strength determination of mate-
rials. In addition, knowing the values of elastic constants,
valuable information about the bonding characteristic be-
tween atoms and structural stability is provided.
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Many experimental techniques are available to mea-
sure the elastic moduli. Most directly measurement of
strain as a function of stress yields the elastic modulus.
This technique can be performed accurately at room tem-
perature using strain gauges, but is limited in temper-
ature, as the strain gauges must be reliably attached [1].
In ultrasonic measurements acoustic waves (typically with
MHz frequencies) are sent through a single crystal of mate-
rial and the angular dependence of the propagation veloc-
ities can be converted to elastic constants [2]. In Brillouin
spectroscopy incident light is scattered by a (transparent)
crystal: part of it elastically, from which the velocity of
an acoustic wave can be calculated directly [3]. The latter
two techniques can be applied in a wide variety of physical
environments, e.g. high temperature and pressure. In the
past two decades experimental efforts have been supple-
mented by computational studies on the elastic properties
of crystals by ab-initio calculation, based on density func-
tional theory (DFT).

In the present study the ab-initio calculations on the
elasticity and equation of state for a wide array of techno-
logically important ceramics — Al2O3, SiC, TiO2, AlN,
BN, TiB2, CaF2 and ZrO2 — have been performed. Re-
sults obtained were compared with experimental measure-
ments and previous computations. In the following the
materials studied are briefly discussed, including key ref-
erences. Section 2 contains details about the method used
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Table 1. Crystal structures of the materials studied here. Space group and lattice parameters are given in the first line for each
material; the atomic positions in the following lines.

Material Space group (number) a (Å) b (Å) c (Å) α (◦) β (◦) γ (◦)
Atom Position x y z

Al2O3 R-3cR (167) 5.12846 5.12846 5.12846 55.2884 55.2884 55.2884
Al 4 c 0.145 0.145 0.145
O 6 e 0.947 0.553 0.25

α-SiC P63mc (186) 3.087 3.087 10.046 90 90 120
Si 2 a 0 0 0.188
Si 2 b 0.333 −0.333 0.438
C 2 a 0 0 0
C 2 b 0.333 −0.333 0.25

β-SiC F43m (216) 4.384 4.384 4.384 90 90 90
Si 4 a 0 0 0
C 4 c 0.25 0.25 0.25

TiO2 rut. P42/mnm (136) 4.594 4.594 2.959 90 90 90
Ti 2 a 0 0 0
O 2 f 0.3053 0.3053 0

TiO2 anat. I41/amds (141) 3.776 3.776 9.486 90 90 90
Ti 4 a 0 0 0
O 8 e 0 0 0.208

CaF2 Fm-3m (225) 3.86264 3.86264 3.86264 90 90 90
Ca 4 a 0 0 0
F 8 c 0.25 0.25 0.25

AlN P63m (186) 3.11 3.11 4.98 90 90 120
Al 2b −0.3333 −0.6667 0
N 2b −0.3333 −0.6667 0.382

BN Fm-3m (225) 3.615 3.615 3.615 90 90 90
B 4 a 0 0 0
N 4 c 0.25 0.25 0.25

TiB2 P6/mmm (191) 3.0236 3.0236 3.2204 90 90 120
Ti 1 a 0 0 0
B 2 d 0.333 0.666 0.5

ZrO2 P21 /c (14) 5.1454 5.2075 5.3107 90 99.23 90
Zr 4 e 0.2728 0.0337 0.2088
O 4 e 0.0773 0.3133 0.3046
O 4 e 0.4619 0.7882 0.4362

to perform the simulations. Results and their discussion
are presented in Section 3. Conclusions are given in Sec-
tion 4.

Alumina (Al2O3) exhibits exceptional hardness and
high melting temperatures and has been extensively
studied [4–7]. It crystallizes in rhombohedral symmetry
(Tab. 1) and has six independent elastic constants. Sili-
con Carbide (SiC) can exist in a number of different crys-
talline polytypes, which may be classified in hexagonal
(H), cubic (C) and rhombohedral (R) space groups [8].
SiC is of particular interest in composite materials where
thermal stresses, and hence elasticity, play an important
role in the mechanical stability. Two crystal structures of
SiC, hexagonal (a) and cubic (ß, zinc-blende type) (Tab.
1), are considered, resulting in five and three independent
elastic constants, respectively. Titanium dioxide (TiO2)
is used in a wide variety of applications in the electron-
ics, catalysis, pigment, electrochemical and ceramic in-
dustry [9]. TiO2 forms three distinct polymorphs: rutile,
anatase and brookite. The electronic and structural prop-
erties of TiO2 has been widely studied [10–14]. Here the six
independent elastic constants of rutile and anatase (both

tetragonal, Tab. 1) are computed. CaF2 is an important
ceramic due to its optical behavior and large ionic conduc-
tivity, with its elastic behavior studied for decades [15–
18]. The three independent elastic constants of this cubic
compound (Tab. 1) are computed here. In the last years
the interest in the wide band gap semiconductors such
as aluminium nitride (AlN), boron nitride (BN) and re-
lated compounds has increased considerably. Cubic BN
(Tab. 1) has recently received considerable attention be-
cause of its extreme values of hardness, thermal conduc-
tivity and elastic constants [19]. AlN possesses a lot of
remarkable physical properties, e.g. high thermal conduc-
tivity and excellent mechanical strength, which make it
an attractive material for electronic packaging applica-
tions [20,21]. As cubic materials both have three indepen-
dent elastic constants. Titanium diboride (TiB2) exhibits
high elastic moduli, high hardness and high electrical con-
ductivity due to its unique electronic structure and bond-
ing nature, making it a material of considerable interest
for cutting tools, wear resistant coatings and crucibles [22,
23]. As a hexagonal crystal (Tab. 1) TiB2 has five inde-
pendent elastic constants. Zirconium dioxide (ZrO2) has
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Table 2. Computational parameters which were used in the simulations for the equation of state and elastic constants. Given
are the k-point sampling for reciprocal space integration, the cutoff energy for the basis set, the type of pseudopotential (PS)
(norm-conserving NC and ultrasoft US) used. The compression range (in terms of fraction of the experimental zero pressure
volume V0) for equation-of-state computations is also included.

Al2O3 α-SiC β-SiC TiO2 rut. TiO2 anat. CaF2 AlN BN TiB2 ZrO2

k-points 85 28 110 50 84 60 84 120 162 39
Ecut-off [eV] 500 400 400 450 550 500 350 400 400 500

PS US US US US US US US US US US
V range 76.4– 69.3– 64.9– 54.9– 113.6– 36.6– 33.3– 37.3– 20.3– 126.4–

[A3] 90 87.4 87.1 66.1 148.7 44.8 44.2 50 27 148.8

a monoclinic structure at room temperature (Tab. 1) and
transforms to a tetragonal and cubic phase at increasing
temperature. The high temperature polymorphs can also
be stabilized by the addition of suitable oxides. These par-
tially or fully stabilized zirconia alloys have applications in
fuel cells or oxygen sensors. This has motivated numerous
studies on crystal structure and mechanism of transforma-
tion of zirconia polymorphs [24], electronic structure and
optical properties [25]. Monoclinic ZrO2 has 13 indepen-
dent elastic constants.

2 Computational details

The DFT based ab-initio simulations were performed with
the Cambridge Serial Total Energy Package (CASTEP)
code [26]. A plane wave basis set is used for expanding elec-
tronic states in the pseudopotential approximation. Plane-
waves are a simple way of representing electron wave
functions in a periodic system. They offer a complete basis
set that is independent of the type of crystal and treats
all areas of space equally. This is in contrast to some other
basis sets which use localized functions such as Gaussians
which are dependent on the positions of the ions. Plane
waves are included with energies up to a cutoff energy
(Tab. 2). The norm-conserving and ultrasoft pseudopoten-
tials [27,28] from the CASTEP database for the computa-
tions (Tab. 2) have been employed. Exchange-correlation
effects were taken into account using the generalized gra-
dient approximation (GGA) in the efficient formulation
of Perdew, Burke and Ernzerhof [29,30]. Reciprocal space
integration in the Brillouin zone is performed by summa-
tion over k-points with a Monkhorst-Pack grid [31]. The
number of k-points necessary for converged results differs
between structures due to symmetry and the degree of
dispersion in electronic states (Tab. 2). With the com-
putational parameters applied here a very high level of
convergence of elastic parameters is achieved.

Two sets of computations have been carried out. The
first set of calculation was performed to obtain the static
equation of state (EOS) of the ceramics. Internal and ex-
ternal degrees of freedom were optimized for a number
of structures (at constant volume), typically covering a
compression range 0.8 to 1.06 relative to the experimen-
tal zero pressure volume (Tabs. 1 and 2). Computed total
energies were then used to fit a finite strain equation of
state [32], in order to obtain the zero pressure volume (V0),

the bulk modulus (B0) and its pressure derivative (B′
0).

In the second set of computations the elastic coefficients
of the ceramics at experimental zero pressure volume have
been determined. Elastic constants were computed from
stress-strain relations, using positive and negative values
for a specific strain (up to a strain amplitude of 0.003),
and elastic constants were determined from a linear fit of
the calculated stress as function of strain. For the five
and six independent coefficients for the hexagonal [33]
and tetragonal systems [34], two strains, one with non-
zero first and fourth components, and another with non-
zero third component, give stresses related to all elastic
constants. For cubic systems one strain pattern is suffi-
cient [35], whereas for ZrO2 monoclinic four strain pat-
terns were generated [36].

3 Results and discussions

3.1 Equation of state

DFT based computations using LDA typically overbond
compounds and hence predict equilibrium volumes smaller
than in experiment. GGA corrects for this and one usu-
ally obtains better agreement with experiment. An over-
all good agreement of the zero pressure volume computed
with that in experiments was found (Tab. 3), within 4%
of one another, and only the TiO2 compounds have a zero
pressure volume that is bigger than in experiment, with
GGA overcorrecting the LDA shortcoming. The situation
for the compression behavior and hence the bulk modulus
is less satisfying (Tab. 3). While for most ceramics studied
the computed bulk modulus (at computed zero pressure
volume) is within 10% of ambient condition experiments
the one for anatase is bigger by almost 25% and for α-
SiC by 16%. These values are considerably larger than
computational results previously reported in the litera-
ture which use energy-volume relations to fit an equation
of state [37,38]. These studies, however, use a Hartree-
Fock formalism or the LDA approximation to exchange
and correlation, respectively. Due to the restricted vol-
ume range considered in the computations (Tab. 2), for
all calculations a value of B′

0 = 4.0 was determined. The
consideration of a wider compression range would change
this parameter.
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Table 3. Equation of state parameters of the ceramic com-
pounds. The first line of the table gives fit parameters for the
computational results for the zero pressure volume (V0), the
bulk modulus at this pressure (B0) and its pressure derivative.
Calculated results (given in the first line of material) are com-
pared with experimental equation-of-state parameters (see the
second line of materials).

V0 [A3] B0 [GPa] B′
0

Al2O3 82.0 241 4.0
84.9 254a 4.3b

α-SiC 79.6 260 4.0
82.4 224c

β-SiC 79.4 220 4.0
82.2 220d

TiO2 rut. 63.3 235 4.0
62.5 212e 6.3f

TiO2 anat. 138.3 221 4.0
135.5 179g 4.5g

CaF2 41.6 78 4.0
41.6 81h 5.2h

AlN 39.8 210 4.0
40.8 211i,j 6.3i,j

BN 46.3 362 4.0
47.2 400k,j 4.5k,j

TiB2 25.2 251 4.0
25.5 237l,m 2.0l,m

ZrO2 142.4 174 4.0
140.5 187n

a reference [4]; b reference [40]; c reference [41]; d reference [42];
e reference [43]; f reference [44]; g reference [37]; h refer-
ence [45]; i reference [46]; j reference [48]; k reference [47];
l reference [49]; m reference [50]; n reference [51].

3.2 Elastic constants

Individual elastic constants (evaluated at the experimen-
tal zero pressure volume) can differ significantly between
computations and experiment, but these differences are
hard to quantify for all the materials studied (Tab. 4).
The results obtained here are in good agreement with
previous computations using GGA (where available). In-
stead of considering elastic constants separately, the re-
sults were quantified by computing the aggregate moduli
in the Reuss-Voigt bounds [39] from the individual elastic
constants (Tab. 4). The bulk and shear moduli were ob-
tained for all considered materials (Fig. 1). In addition, the
anisotropy ratios for the longitudinal (c22/c11 and c33/c11)
and shear elastic constants (c55/c44 and c66/c44) (Fig. 2)
have been computed. These ratios are a measure of the
relative propagation of the longitudinal and transverse
acoustic velocities along the three crystallographic axes,
respectively.

For the bulk modulus derived from the elastic con-
stant tensor (Fig. 1a, Tab. 4), a much better agreement
(within 5%) with experiment than for that from the equa-
tion of state could be found. This better agreement justi-
fies and suggests the use of the experimental zero pressure
volume to evaluate elastic parameters of materials rather
than the computational equilibrium volume. Similar to the

Fig. 1. Comparison between experimental (� experimental)
and simulated (� simulation) bulk and shear modulus for the
studied ceramics. For the computational bulk modulus both
the one obtained from the equation-of-state (• EOS) and the
one obtained from averaging the single crystal elastic constants
are given.

Fig. 2. Anisotropy ratios for the longitudinal (bottom) and
shear elastic moduli (top) for experiments and computations.
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Table 4. Elastic constants of the studied ceramic materials (in GPa). The first line of the table gives the elastic constants cij

for each material, presented in the first column. The first line of each material presents the calculated data and the second one
the experimental values (italic characters), which were taken from references mentioned below. The last two columns show the
theoretical and experimental bulk and shear modulus which are the arithmetic average of Reuss and Voigt [39] values, calculated
using the theoretical and experimental cij , respectively.

Mat. Method C11 C22 C33 C44 C55 C66 C12 C13 C15 C23 C25 C35 C46 B G

Al2O3 rhom This work 484 501 138 167 150 99 27 240 161
PP-PWa 495 486 148 162 171 130 20 259 160

Experimentsb 497 501 147 167 163 116 22 254 164
α-SiC hexag This work 534 574 171 219 96 50 226 206

Experimentsc 501 553 163 195 111 52 220 191
β-SiC cubic This work 420 267 132 228 208

FP-LMTO-LDAd 420 287 126 224 220
Experimentse 379 252 141 220 186

TiO2-r tetrag This work 278 479 115 214 153 149 204 118

Experimentsf 268 484 124 190 175 147 212 113
TiO2-a tetrag This work 320 190 54 60 151 143 174 58

Experimentsg - - - - - - - - - - - - - - - - - - 178 - - -
CaF2 cubic This work 155 31 39 78 40

FP-LAPW-GGAh 146 43 50 77 51
PP-LCAO-GGAi 159 35 40 76 48
PP-PW-LDAj 183 34 61 83 66
Experimentsk 165 34 39 81 43

AlNhexag This work 413 386 126 142 129 96 205 138
PP–LDAl 398 383 127 128 142 112 212 130

FP-LMTO-LDAm 398 382 96 129 140 127 218 116
PP-PW-LDAn 380 382 109 133 114 127 208 121
PP-PW-LDAo 396 373 116 130 137 108 207 126
Experimentsp 411 389 125 130 149 99 211 133

BN cubic This work 816 469 168 384 405
FP-APW+lo- 834 495 189 404 417

LDAq 837 493 182 400 418
FP-LMTO-LDAm 819 475 195 403 401

PP– LDAl 812 464 182 392 397
PP-PW-LDAr

Experimentss 820 480 190 400 405
TiB2 hexag This work 671 468 269 305 62 103 256 268

Experimentst 660 432 260 306 48 93 243 262
PP-PW-GGAu 656 461 259 295 66 98 240 265
PP-PW-LDAu 709 506 295 319 71 117 280 287

ZrO2 mono This work 341 349 274 80 73 116 158 88 29 156 –4 2 –14 187 88
Experimentsv 361 408 258 100 81 126 142 55 −21 196 31 −18 −23 187 93

a reference [5]; b reference [4]; c reference [41]; d reference [55]; e reference [42]; f reference [43]; g reference [47]; h reference [52];
i reference [53]; j reference [54]; k reference [15]; l reference [56]; m reference [48]; n reference [60]; o reference [61]; p reference [46];
q reference [56]; r reference [58]; s reference [47]; t reference [49]; u reference [59]; v reference [51]. FP = Full Potential;
PP = Pseudopotential; PW = Plane-Wave; LAPW = Linear Augmented Plane-Wave; LMTO = Linear Muffin Tin Orbitals;
LCAO = Linear Combination of Atomic Orbitals; APW+lo = Augmented-Plane Wave plus Local Orbitals.

bulk moduli, the shear moduli determined from the com-
putations are in overall good agreement with experiment,
with a maximum deviation of 10% (or 20 GPa) for the SiC
polytypes (Fig. 1b, Tab. 4). Typically it was found that
the shear moduli of the stiffer materials are overpredicted,
while those of the softer materials are underpredicted.

The comparison of anisotropy ratios between experi-
ments and computations provide a similarly good picture
(Fig. 2). Regardless of the system and anisotropy type,
the correct sense of anisotropy (fast vs. slow propagation

direction of acoustic waves) was predicted. The materials
that show strongest anisotropy in experiment, TiO2 ru-
tile and ZrO2 for shear anisotropy and TiO2 rutile and
TiB2 for longitudinal anisotropy, are predicted with the
strongest anisotropy in the computations.

Comparing our results and previous computations
with experiments we find again that GGA provides an
overall better description of elastic constants of the ce-
ramic materials studied here.
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4 Conclusions

DFT based ab-initio calculations of elastic properties for a
number of ceramic materials: Al2O3, SiC, TiO2, AlN, BN,
TiB2, CaF2, ZrO2 have been carried out. The full elastic
constant tensor at the experimental zero pressure volume
was computed. It can be concluded that ab-initio meth-
ods with the GGA approximation are capable of repro-
ducing the most important features in elastic behaviour:
the aggregate moduli as well as the general sense of
anisotropy in longitudinal and shear moduli. These results
show that modern ab-initio computations can be used in-
dependently from experiment to predict elastic stability,
and can provide a basis for the modelling of structural
and elastic properties of more complex aggregate ceramic
materials.

The authors thank the Fraunhofer Gesellschaft for finan-
cial support within the joint project “MAVO-Multiscale
Modelling”, and partial support through the Elitenetzwerk
Bavaria.
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